In a previous communication, ' we have sketched an analogy between Boolean algebras and abstract rings, with particular reference to the theory of ideals and ideal arithmetic. In the present note we shall show that Boolean algebras are actually special instances, rather than analogs, of the general algebraic systems known as rings. In establishing this result we must choose the fundamental operations in a Boolean algebra in an appropriate manner, indicated below. The algebraic theory developed in the previous communication is thus a particular instance of the theory of rings and can be deduced in part from the known theorems concerning rings. These facts were discovered just as the detailed exposition of our independent theory of Boolean algebras was on the point of completion; and they now compel a radical revision which will necessarily delay publication of the complete theory.
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If A is a Boolean algebra, with zero element 0 and unit e, we consider it as a system with double composition in which the fundamental operations are differentiation and multiplication. We denote the operation of differentiation by the symbol A and call the element aAb the symmetric difference of a and b. Since the operations of differentiation and addition are uniquely determined in terms of one another and the operation of multiplication by the relations (aAb) + ab = a + b, (aAb) (ab) = 0 and a + b = (aAb) Aab, respectively, our choice of fundamental operations does not affect the intrinsic nature of A as an algebraic system. If we express the symmetric difference in terms of addition and negation by the equation aAb = ab' + a'b, we find without difficulty that the system A has the following properties :2 (1) a Ab = b Aa; (2) aA (bAc) = (aAb) Ac; (3) the equation x Ab = a has a (necessarily unique) solution x = a Ab; (4) ab = ba; (5) a(bc) = (ab)c; (6) a(bAc) = (ab) A (ac); (7) aAO = a; (8) aAa = 0; (9) aa = a; (10) ea = a.
Properties (1)- (6) inclusive show that A is a commutative ring,3 the operation A being the operation of ring addition usually denoted by +. Property (7) shows that the Boolean element 0 is the zero of the ring; and property (10) shows that the Boolean element e is a unit in the ring.
On the other hand, if R is a commutative ring which possesses a unit c and which has the special properties (8) and (9)-in other words, if R is an VOL. 21, 1935 abstract system with all ten properties (property (7) follows from (l)-(3))-we consider it as a system with double composition in which the fundamental operations are multiplication and an operation + defined by the equation a + b = (a Ab) Aab. If we introduce also the operation ' defined by the equation a' = a Ae, we easily deduce the following properties:
(a)a+b = b+a; (G )a+(b+c) = (a+b) +c; (7y)ab = (a' + b')'; (5) ab + ab' = a.
These properties show that R is a Boolean algebra in accordance with a recent paper of Huntington;4 and the elements 0 and e in R are easily identified as the Boolean zero and unit, respectively.
In the remainder of the note, we revert to the usual notation for ring addition, writing + in place of A in (l)-(10); and we shall drop the requirement of the existence of a unit. Thus we shall consider an abstract commutative ring R with the special properties (8) and (9), (8) now being written as a + a = 0, or, equivalently, a = -a. We omit (7) as a consequence of (l)-(3). We may also, according to a suggestion of J. v Neumann, omit (8) as a consequence of the other properties. Thus we consider a commutative ring all of whose elements are idempotent. By specializing to such a ring the well-known theorems concerning the homomorphisms of rings,3 we can immediately obtain Theorem I of our previous communication. 1 We now show that Krull's theory of ideal arithmetic in rings with absolute values6 is applicable to R, at least in principle. To We have thus shown that the theory of Boolean algebras, with particular reference to ideal-theoretic and arithmetic properties, is a special case of the theory of rings. We can say further that the theory of those algebraic systems known as distributive lattices' can be considered as a part of the theory of rings: for an unpublished result due to Mr. Holbrook MacNeille shows that every distributive lattice can be imbedded by a purely algebraic construction in a Boolean algebra.
An interesting consequence of the theory developed in this note is that it is now possible to describe the mathematical theory of probability entirely in the language of the theory of rings. It is the theory7 of functions p(a) which are defined over a ring R of the special type described above, which assume values in an ordered ring P, and which have the special properties p(a) > 0, p(a + b) = p(a) + p(b) when ab = 0. The elements of R are events, and p(a) is the relative probability of the event a. In general, it is not necessary to assume that P is a commutative ring or that the ordering in P is archimedean. If we assume that P is a commutative ring with archimedean order, then P is isomorphic to a subring of the real number system. We point out that the construction of the absolute value a discussed above provides a simple illustration of the present theory, since la I 2 Oandsinceab = Oimplies a + b I = a I+ b I.
